Here we study the deformation theory of some maps : X → P , = 1 2, where X is a nodal curve and |T is not constant for every irreducible component T of X . For = 1 we show that the "stratification by gonality" for any subset of \ with fixed topological type behaves like the stratification by gonality of .
Introduction
In this paper we consider two problems for pencils (case 0 = 2) or nets (case 0 = 3) for spanned line bundles on stable (or just nodal) curves. For pencils our problem is just the extension to nodal non-integral curves of some classical deformation arguments (the same arguments giving the dimension of the set of all smooth -gonal curves) (see Theorems 1.1 and 1.2). For nets we consider Severi theory of nodal plane curves in the case of reducible curves (see Proposition 2.2). In the Brill-Noether theory of stable curves it is important to consider also non-locally free sheaves F without torsion on the stable curve X and/or non-spanned sheaves. It was seen in [3] how to relate F to a certain semistable model X F of X , where X is a stable reduction and equipped with a line bundle L F "related" to F . Hence if we allow non-stable nodal curves we may work using only line bundles. Let X be a nodal and connected curve of arithmetic genus defined over an algebraically closed field K such that char(K) = 0. Let L be a line bundle on X and assume that L has many sections. If L is not spanned, the standard approach is to look at the subsheaf M of L spanned by H 0 (X L). If X is integral, but not smooth, M may be non-locally free, but we may associate a connected nodal curve X M and a spanned line bundle L M on X M and work with the pair
and we want to apply deformation theory to this morphism. However, if X is reducible, M may be the zero-sheaf at a general point of some irreducible component of X M . This is the case if and only if there is an irreducible component
is a point. To avoid this situation it is necessary and sufficient to assume deg(L M|T ) > 0 for all T . For any nodal curve X , let Sing(X ) (resp. Sing(X ) ) be the set of all singular points of X lying on exactly one (resp. two) irreducible components of X . Let (X ) denote the set of all irreducible components of X . To any nodal projective curve X we may associate the following non-oriented marked graph X . The vertices of X are the irreducible components of X . For any T ∈ (X ) let [T ] denote the associated vertex of X . For each T ∈ (X ) we give as a marking the non-negative integer T , where T is the geometric genus of T . 
, and call a multidegree for τ or for every curve A ∈ [τ]. We will say that is positive and
and : X → P 1 is a morphism with multidegree , i.e. such that deg(
Theorem 1.1. Let X be a nodal and connected projective curve. Let gon 1 (X ) denote the minimal integer such that there is a degree non-degenerate (i.e. with positive multidegree) morphism X → P 1 . Obviously, gon 1 (X ) ≥ T ∈ (X ) gon 1 (T ). Thus gon 1 (X ) ≥ ( (X )) and the inequality is strict if at least one of the components of X is not isomorphic to P 1 . There are topological types τ such that 0 (X * ( P 1 (1))) ≥ 3 for any nodal curve X with topological type τ paired with computing gon 1 (X ). A trivial example is given by the topological type of a reducible conic. A more interesting example is given by the graph of curves X of genus ≥ 4 ([1]) for which gon 1 (X ) ≥ ( (X )) = 3 − 3 and hence 0 (X * ( P 1 (1))) ≥ − 1 (Riemann-Roch). Let τ be a topological type for nodal and connected projective curves. Let gon 1 − (τ) (resp. gon 1 + (τ)) denote the minimal (resp. maximal) integer such that there is X ∈ τ such that gon 1 (X ) = .
Fix a topological type τ for connected nodal curves and a positive multidegree for
τ. Either G 1 (τ ) = ∅ or G 1 (τ ) is
Question 1.1.
Compute gon 1 − (τ) and gon 1 + (τ) for every topological type τ.
See [4] for a different approach to the Brill-Noether theory of stable curves.
The proofs
Remark 2.1.
Let X be a connected projective curve with only ordinary nodes as singularities. Let Θ X denote the dual of the cotangent sheaf Ω 1 X . Since Θ X is the dual of a generically rank 1 coherent sheaf, Θ X has no torsion. It is easy to check that
* . Fix P ∈ Sing(X ). It is well-known that the connected component of Tors(Ω 1 X ) supported by P has length 1 and that Ω 1 X /Tors(Ω 1 X ) is not locally free at P (see [5] , formula (4.1), or [6] , p. 33). Since X is Gorenstein, every torsion free sheaf on X is reflexive. Thus (Ω 1 X /Tors(Ω 1 X )) ∼ = Θ * X . Hence Sing(Θ X ) = Sing(X ). We present an alternative proof. We claim that the germ at P of the sheaf Ω 1 X /Tors(Ω 1 X ) is isomorphic to a colength 1 submodule F of the trivial X Pmodule ω X P . It is sufficient to prove the claim, because no such F is locally free by the classification of torsion free modules over an ordinary node ( [8] , huitième partie, propositions 2 and 3). The claim is just part (2) of [2] , Lemma 6.1.2, in which the following notation is used: λ is the colength which we want compute, µ is the Milnor number of X at P (µ = 1 for an ordinary node), δ is the genus of the singularity (δ = 1 for an ordinary node), κ (the cuspidal number) is equal to the multiplicity minus the number of branches by part (1) of [2] , Lemma 6.1.2 (hence κ = 0 for an ordinary node); the formula says that µ ≥ λ ≥ δ + κ, i.e. 1 ≥ λ ≥ 1 + 0.
Lemma 2.1.

Let X be a connected projective curve with only ordinary nodes as singularities. Then deg(Θ
Proof. Since X is Gorenstein, every torsion free sheaf F is reflexive and deg( Let X be a nodal and connected projective curve, M a smooth and projective variety and : X → M be a morphism whose restriction to each irreducible component of X is non-constant. The latter condition implies T X /M = 0, where T X /M (also denoted with T X / /Y or T ) is the subsheaf of Θ X defined in [7] , p. 387. Our assumption on is called "non-degenerate" in [7] , Definition 3.4.5. Let N denote the cokernel of the natural map Θ X → Θ M ; the same sheaf is denoted with N in [7] , Definition 3.4.5. Since T X /M = 0, we have an exact sequence of coherent sheaves on X ( [7] , p. 162).
We are interested in the functor of locally trivial deformations of the map with M fixed, mainly when either M = P 2 or M is a smooth curve. Since is non-degenerate, the vector space H 0 (X N ) is the tangent space to the functor of locally trivial deformations of the map with M fixed, while the vector space H 1 (X N ) is an obstruction space for the same functor ( [7] , Lemma 3.4.7 (iii) and Theorem 3.4.8). Since X is nodal, saying "locally trivial " means that we only look at nearby pairs (X ) with X a nodal curve with X = X , i.e. in which no node is smoothed, i.e. with the topological type of X . Proof. Both Θ X and * (Θ P 1 ) are sheaves with depth 1 and pure rank 1. Hence the injectivity of the map in the exact sequence (1) gives that N is supported by finitely many points of X . Hence 1 (X N ) = 0 and
Proof. 
Remark 2.2.
Let X be a connected nodal curve such that (X ) ≥ 2. Set (X ) := ({T ∈ (X ) : T ∼ = P 1 and (T ∩ X \T ) = }). It is easy to check that dim(Aut(X )) = 2 1 (X ) + 2 (X ). In particular X is stable if and only if Aut(X ) is finite.
Remark 2.3.
In the setup of Theorem 1.1, let (X ) ∈ G 1 (τ ). If ∈ Aut(X ), then (X • ) ∈ G 1 (τ ). Thus if τ is not a topological type of stable curves, i.e. if 1 (X )+ 2 (X ) > 0, then to get the " true dimension, up to the automorphisms of the problems" of G 1 (τ ) we need to substract the integer 2 1 (X ) + 2 (X ) = dim(Aut(X )) (Remark 2.2).
Let V (τ ) denote the set of pairs (C S) with the following properties:
(i) C ⊂ P 2 is a nodal plane curve and S ⊆ Sing(C );
(ii) let S : C S → C denote the partial normalization of C in which we normalize only the points of S; we require that C S has topological type τ and that (after the identification of T ∈ (C S ) with the corresponding element of (X )) deg( *
Proposition 2.2. Taking independently the general curves C T , T ∈ (X ), we may assume that C is a nodal curve of degree δ( ). For all T J ∈ (X ) such that T = J, fix any S T J ⊆ C T ∩ T J such that (S T J ) = T · J − T J . Set S := T S T ∪ T =J S T J . Let S : C S → C be the partial normalization in which we normalize only the points of S. By construction τ is the marked graph of C S . Hence (C S) ∈ V (τ ). Now assume V (τ ) = ∅ and fix (C S) ∈ V (τ ). For each T ∈ (C ) call S ∩ T the unassigned nodes of T and Sing(T )\(S ∩ T ) the assigned nodes of T . Apply [9] , Proposition 2.11, to each T ∈ (C ).
The 8-dimensional and irreducible algebraic group Sut(P 2 ) acts on each scheme V (τ ) and hence on each irreducible component of it.
